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Abstract. Using a quantum theory for an ensemble of two- or three-level atoms driven by electromagnetic
fields in an optical cavity, we show that the various spins associated with the atomic ensemble can be
squeezed. Two kinds of squeezing are obtained: on the one hand self-spin squeezing when the input fields
are coherent ones and the atomic ensemble exhibits a large non-linearity; on the other hand squeezing
transfer when one of the incoming fields is squeezed.

PACS. 42.50.Lc Quantum fluctuations, quantum noise, and quantum jumps – 42.50.Dv Nonclassical field
states; squeezed, antibunched, and sub-Poissonian states; operational definitions of the phase of the field;
phase measurements

1 Introduction

The possibility of engineering the quantum state of atomic
ensembles raises a lot of interest in connection with the
needs of quantum information processing based on contin-
uous variables. Atomic ensembles could be either sources
or registers for quantum variables that are transmitted by
electromagnetic fields [1–3]. In this paper, we present cal-
culations performed on model systems consisting of two-
or three-level atoms that interact respectively with one or
two fields. The atoms are placed in an optical cavity which
ensures a sizeable level of interaction with the field while
keeping the absorption rather low, in contrast with sin-
gle pass schemes. In such conditions, the validity of quan-
tum fluctuations calculations based on quantum Langevin
equations is well established.

We will study two regimes. In the first one, the atoms
interact with coherent light. One can achieve atomic self-
spin squeezing if the non-linearity of the medium is high
enough. This atomic squeezing originates from the same
physical process as the squeezing of the field going out
of the cavity, which was theoretically predicted in refer-
ences [4–6] and experimentally observed a little later [7–9].
Already in the early 1980’s, it was conjectured that atomic
spin squeezing appeared as a counterpart of squeezing of
the electromagnetic field [10,11]. However, the quantum
noise reduction on atomic variables computed in several
papers can be obtained by a mere rotation of the atomic
variables of a two-level system interacting with a coher-
ent field. As shown in references [12–14], in order to be
relevant, spin squeezing should be computed in the plane
orthogonal to the direction of the mean spin, where the
mean value of the spin component is zero. We have per-
formed full quantum calculations in the relevant basis.
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Here we generalize the results obtained previously on two-
level systems [15] to the more practical case of three-level
systems.

In the second regime, the atoms interact with a
squeezed incoming field for the two level system, with
one coherent field and one squeezed field for the three-
level system. This configuration has already been used in
references [16–19] to study the modification of the spon-
taneous emission due to the interaction of atoms with
squeezed light. However, the fact that the field squeezing
can be transferred to the atomic system was only studied
later. This scheme was recently proposed and experimen-
tally tested in a single pass configuration to produce spin
squeezing [20,21]. The cavity configuration that we pro-
pose here should allow to enhance the squeezing transfer
between atoms and field while minimizing the interaction
with the surrounding vacuum field fluctuations. We find
that the optimal conditions for the transfer of squeezing
from the incident light to the atoms correspond to a non
saturating intensity, in the strong coupling regime.

2 Equations for atomic fluctuations

2.1 Two-level atoms interacting with one field
in an optical cavity

We first consider an ensemble of N motionless two-level
atoms placed inside a high-finesse single-ended optical cav-
ity and interacting with a single mode field. The round-
trip time in the cavity is τ , the decay rate of the field in the
cavity is κ. The atomic system has a ground state g and
an excited state e, separated by the energy ~ω0. We call
γ the decay rate of the atomic dipole, due to a purely
radiative process. The atoms are driven by a field the
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frequency of which is ωL. This field is represented by
the operator A(t)e−iωLt. The mean square value of the
field will be expressed in number of photons per second.
The cavity resonance closest to ωL has a frequency ωC.
We define the atomic and cavity detuning parameters as
∆ = (ω0 − ωL) and ∆C = (ωC − ωL). The atom-field cou-
pling constant is g = E0d/~, where d is the atomic dipole,
and E0 =

√
~ωL/2ε0Sc.

We define the collective polarization P (t) and the col-
lective population difference Sz(t) as:

P (t) =
N∑
i=1

σi(t), Sz(t) =
N∑
i=1

σzi(t) (1)

with σi(t) is the lowering operator for individual atoms
in the rotating frame, σi(t) = |gi〉 〈ei| e+iωLt and σzi(t) =
(|ei〉 〈ei| − |gi〉 〈gi|)/2.

The field inside the cavity is related to the incident
field and to the atomic polarization by

dA(t)
dt

= −(κ+ i∆C)A(t) + i(g/τ)P (t) +
√

2κ/τAin(t).

(2)

The variation of the intracavity field is due to the recycling
of the field of the cavity and loss through the coupling
mirror, to the field emitted by the atomic polarization and
to the incoming field Ain. The fluctuations of the incoming
field can be seen as a Langevin force for this equation. The
atomic polarization and populations are given by quantum
Langevin equations derived from the Bloch equations by
adding the Langevin forces corresponding to the coupling
with the vacuum field surrounding the system

dP (t)
dt

= −(γ + i∆)P (t)− 2igA(t)Sz(t) + FP (t), (3)

dSz(t)
dt

= −2γ(Sz(t) +N/2)

− ig
(
A†(t)P (t)−A(t)P †(t)

)
+ FSz(t). (4)

The noise operators FP (t), FP †(t) and FSz (t) are charac-
terized by zero averages and by correlation functions that
are given in the Appendix.

We will be interested in the quantum fluctuations of
the field and atomic operators around their steady states
mean values such as A(t) = a0 + δA(t), Ain(t) = ain +
δAin(t), P (t) = p0 + δP (t), Sz(t) = sz0 + δSz(t), where
ain, a0, p0, and sz0 are the steady state mean values. We
choose the phases such that a0 is real.

The mean values can easily be computed from equa-
tions (2–4) without the fluctuating terms, which are the
usual Maxwell-Bloch equations.

The steady state solution of this system is given by

p0 =
iNβ0(1− iδ)

1 + δ2 + 2 |β0|2
(5)

sz0 = − 1 + δ2

2(1 + δ2 + 2 |β0|2)
(6)

√
2/κτβin = β0

[(
1 +

2C
1 + δ2 + 2 |β0|2

)

+ i

(
δC −

2Cδ
1 + δ2 + 2 |β0|2

)]
(7)

where we have introduced the scaled fields β0 =
ga0/γ, βin = gain/γ, the scaled detunings δ = ∆/γ
and δc = ∆c/κ and the cooperativity parameter C =
Ng2/2κγτ . For large enough values of β0 and C, the so-
lution exhibits the well known bistable behavior of the
intra-cavity field. It is in the vicinity of the bistable turn-
ing point that the squeezing of the outgoing field is maxi-
mum, and we will look for self-spin squeezing in the same
range of parameters. On the other hand, for large g (or
large C), one can reach, even for small β0, the regime of
vacuum Rabi splitting or strong coupling regime.

To obtain equations for the field and atomic fluctua-
tions, we linearize equations (2–4)

dδA(t)
dt

=− (κ+ i∆C)δA(t) + i(g/τ)δP (t)

+
√

2κ/τδAin(t), (8)
dδP (t)

dt
=− (γ + i∆)δP (t)

− 2iga0δSz(t)− 2igδA(t)sz0 + FP (t), (9)
dδSz(t)

dt
=− 2γδSz(t)− iga0

(
δP (t)− δP †(t)

)
− ig

(
p0δA

†(t)− p∗0δA(t)
)

+ FSz (t). (10)

In order to evaluate the spin squeezing, we will compute
the variances of the spin components that can be calcu-
lated in the following way. We can write equations (8–10)
and the hermitian conjugates of equations (8, 9) in a ma-
trix form as

d |δξ(t)]
dt

= − [B] |δξ(t)] + |Fξ] (11)

where |δξ(t)] is a column vector

|δξ(t)] =
[
δA(t), δA†(t), δP (t), δP †(t), δSz(t)

∣∣T (12)

[B] is the linearized evolution matrix of the atom-field
system and |Fξ] is the column vector

|Fξ(t)] =
[√

2κ/τδAin(t),
√

2κ/τδAin†(t),

FP (t), FP †(t), FSz (t)|T . (13)

We define the covariance matrix [G(t)] by

[G(t)] = |δξ(t)] [δξ(0)| (14)
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and the diffusion matrix by

|Fξ(t)] [Fξ(t′)| = [D] δ(t− t′). (15)

The value of the diffusion matrix [D] is given in the Ap-
pendix for the case of a broadband squeezed input field.

A single mode squeezed input field can be written
as [23]:

âs = â cosh(r)− â†eiθ sinh(r) (16)

â†s = â† cosh(r) − âe−iθ sinh(r) (17)

where â and â† are the operators describing a coher-
ent field, θ gives the phase of the squeezing, and r is
the parameter so that the amount of squeezing is e−2r.
This formula can be generalized to a broadband input
field [24], the correlation functions of which are given in
the appendix.

The variances of the spin components and their corre-
lation functions are the elements of the zero time correla-
tion matrix [G(0)], which verifies [11]:

[B] [G(0)] + [G(0)] [B]† = [D] . (18)

Inverting equation (18) gives [G(0)] and consequently the
spin variances.

2.2 Three-level atoms interacting with two fields
in an optical cavity

In a two-level system, it is difficult to probe the fluctu-
ations of the atomic dipole independently of the driving
field. A three-level system is better suited to the atomic
fluctuations measurements. We consider three levels la-
beled 0, 1, 2 in a V-configuration. The atoms interact with
two light fields, a “pump” Ap, with frequency ωp and a
“probe” As, with frequency ωs in an optical cavity, respec-
tively close to resonance with transitions 0 → 1 and 0→ 2.
The detunings from atomic resonance are ∆1 = ω01 − ωp

for the pump, and ∆2 = ω02−ωs for the probe. The cavity
resonance frequencies the closest to the pump and probe
frequencies are respectively ωc1 and ωc2. The cavity de-
tunings for the pump and probe fields are ∆c1 = ωp−ωc1

et ∆c2 = ωs − ωc2. The incoming fields are Ain
p and Ain

s .
The three-level system is described using 9 collective

operators for the N atoms of the ensemble, the popula-
tions of levels |0〉 , |1〉 et |2〉:

Π0 =
N∑
i=1

|0〉i 〈0|i , Π1 =
N∑
i=1

|1〉i 〈1|i , Π2 =
N∑
i=1

|2〉i 〈2|i

(19)

the components of the optical dipoles in the frames ro-
tating at the frequency of their corresponding lasers and
their Hermitian conjugates

P1(t) =
N∑
i=1

|0〉i 〈1|i eiωpt, P2(t) =
N∑
i=1

|0〉i 〈2|i eiωst (20)

and the components of the dipole associated to the co-
herence between levels |1〉 and |2〉 (and its Hermitian
conjugate):

Pr(t) =
N∑
i=1

|2〉i 〈1|i ei(ωp−ωs)t. (21)

The coupling constants between atoms and fields, defined
as previously are denoted gp for the pump and gs for the
probe. The decay constant of dipoles P1 and P2 are respec-
tively γ1 and γ2. Let us note that the system we describe
is a closed one and the operator sum of the populations is
proportional to Id the identity operator:

Π0(t) +Π1(t) +Π2(t) = NId. (22)

The atomic state is always an eigenstate of Π0(t)+Π1(t)+
Π2(t), and no noise is associated to this operator. The
evolution of the atomic system can be studied in an
8-dimension space by defining:

Sz1(t) =
1
2

(Π1(t)−Π0(t)), Sz2(t) =
1
2

(Π2(t)−Π0(t)).

(23)

The Heisenberg-Langevin equations for the atomic vari-
ables are obtained in the same way as for the two level
system

dSz1
dt

= −(2γ1 + γ2)
N

3
− 2

3
(4γ1 − γ2)Sz1

−4
3

(γ2 − γ1)Sz2 −
(

igpA
†
pP1 − igpApP

†
1

)
−1

2
(igsA

†
sP2 − igsAsP

†
2 ) + FSz1(t), (24)

dSz2
dt

= −(2γ2 + γ1)
N

3
− 2

3
(4γ2 − γ1)Sz2

−4
3

(γ1 − γ2)Sz1 −
1
2

(
igpA

†
pP1 − igpApP

†
1

)
−(igsA

†
sP2 − igsAsP

†
2 ) + FSz2(t), (25)

dP1

dt
= −(i∆1 + γ1)P1 − 2igpApSz1 − igsAsPr + FP1(t),

(26)
dP2

dt
= −(i∆2 + γ2)P2 − 2igsÂsSz2 − igpÂpP

†
r + FP2(t),

(27)
dPr
dt

= − (i(∆1 −∆2) + γ1 + γ2)Pr + igpApP
†
2

−igsA
†
sP1 + FPr (t). (28)

The round trip time of the fields in the empty cavity is τ
and the decay constant of the two fields in the cavity is
assumed to be the same for the two fields and equal to κ.
The evolution equations for the fields in the cavity are
similar to equation (2):

dAp

dt
= −(κ+ i∆c1)Ap +

igp

τ
P1 +

√
2κ
τ
Ain

p , (29)

dAs

dt
= −(κ+ i∆c2)As +

igs

τ
P2 +

√
2κ
τ
Ain

s . (30)
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The steady state values can be calculated for the three-
level system [8] in the same way as for the two level system,
although analytical expressions are quite complicated and
difficult to use. We have concentrated on the case in which
one of the two fields (the pump) is intense, while the other
one (the probe) is well below saturation. For the pump
field the system is close to the bistability regime, while the
other one is a perturbation. We have verified the stability
of the system for all the considered parameters.

Our aim here is to obtain the fluctuations of the spin
operators associated with levels 1 and 2. For this, we
need to determine the fluctuations of operators Pr, P †r ,Π1

and Π2 (or Sz1 and Sz2). We will also compute the fluctu-
ations of the spins associated to transitions 0–1 and 0–2,
in the same conditions to get a better physical insight into
the problem.

As previously, we define a column vector representing
the fluctuations of the field and atomic variables. In this
case, it is a 12-dimension vector:

|δξ(t)] = |δAp(t), δA†p(t), δAs(t), δA†s(t), δP1(t), δP †1 (t),

δP2(t), δP †2 (t), δPr(t), δP †r (t), δSz1(t), δSz2(t)]T. (31)

To obtain equations for the fields and atomic fluctuations
we linearize equations (24–25), and equations (26–30) and
their Hermitian conjugates. We thus obtain a set of equa-
tions which can be written in a matrix form as:

d |δξ(t)]
dt

= − [B] |δξ(t)] + |Fξ(t)] . (32)

[B] is the linearized evolution matrix of the atom-field sys-
tem and the column vector |Fξ(t)] contains the Langevin
forces:

|Fξ(t)] = |
√

2κ/τδAin
p (t),

√
2κ/τδAin†

p (t),
√

2κ/τδAin
s (t),√

2κ/τδAin†
s (t), FP1(t), FP †1 (t), FP2(t),

FP †2
(t), FPr (t), FP †r (t), FSz1(t), FSz2(t)]T. (33)

The correlation matrix [G(t)] of the fluctuations is:

[G(t)] = |δξ(t)] [δξ(0)| . (34)

As before the variances are obtained from the zero time
correlation functions, contained in matrix [G(0)] which
verifies:

[B] [G(0)] + [G(0)] [B]† = [D] (35)

where [D] is the correlation matrix of the Langevin forces:

|Fξ(t)] [Fξ(t′)| = [D] δ(t− t′). (36)

[Gc(0)] , the 4× 4 lower diagonal block of [G(0)] , contains
the variances of Pr, P †r , Sz1 and Sz2.

3 Spin squeezing

3.1 Definition

In the same way as a squeezed state of the electromag-
netic field is defined by comparison to the coherent state,

a squeezed spin state will be defined as having fluctuations
in one component lower than the one of a coherent spin
state [14]. A coherent spin state for N atoms is defined as
an ensemble of N uncorrelated spins, each of them being
an eigenstate with eigenvalue +1/2 of the individual spin
operator in the (θ, φ) direction:

σθ,φi = σxi sin θ cosφ+ σyi sin θ sinφ+ σzi cos θ (37)

with σxi = (σi + σ†i )/2, σyi = (σi − σ†i )/2i. This coherent
spin state is an eigenvalue of the collective spin operator
Sθ,φ =

∑
i=1,N σθ,φi, with eigenvalue S = N/2 [25]. It sat-

isfies the minimum uncertainty relationship with fluctua-
tions equally distributed over any two orthogonal compo-
nents normal to the (θ, φ)-direction, the variance of which
is equal to S/2 = N/4. If one can squeeze the fluctuations
of the total spin within the plane orthogonal to the mean
value, it will result in noise reduction in spin measure-
ments. The condition for spin squeezing is then [26]

∆Sα ≤ 〈SZ〉/2 (38)

where the axes have been rotated in such a way that the
Z-axis is in the direction of the mean spin and α represents
a direction in the X,Y plane. 〈SZ〉 is then the mean value
of the spin and SX and SY have zero mean values. This
can only occur for a spin ensemble with N > 1 because it
implies the emergence of quantum correlations within the
spin ensemble.

We calculate the variances ∆SX and ∆SY of the spin
variables in the new reference frame. For this, we perform
a rotation defined by angles φ around the z-axis and θ
around the Y -axis (defined by the previous rotation) such
that

cos θ = 〈Sz〉/s, cosφ = 〈Sx〉/sφ (39)

with s =
√
〈Sx〉2 + 〈Sy〉2 + 〈Sz〉2 and sφ =√

〈Sx〉2 + 〈Sy〉2, where the mean values are the so-
lutions of the steady state equations.

A spin component in the (X,Y )-plane making an angle
α with the X-axis has a variance given by:

∆Sα = (cos2 α)∆SX + (sin2 α)∆SY + (sin 2α)Re (∆SXY )
(40)

with ∆SXY = 〈δSX(0) δSY (0)〉. Then the values α0 of
α for the spin components having maximal and minimal
variances verify:

tan 2α0 =
2 Re (∆SXY )
∆SX −∆SY

· (41)

In order to investigate squeezing, we compare the min-
imal variance to 〈SZ〉/2. The corresponding normalized
variance thus obtained is called ∆Smin, spin squeezing is
achieved when ∆Smin < 1.

For the three-level system as mentioned, the spin fluc-
tuations corresponding to the atomic coherence between
levels 1 and 2 are given by lower diagonal block [Gc(0)] of
the correlation matrix. To go into the relevant basis, one
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must first perform the transformation from Pr, P †r , Sz1,
Sz2 to Scx, Scy, Scz with:

Scx =
Pr + P †r

2
, Scy = i

Pr − P †r
2

,

Scz =
Π2 −Π1

2
= Sz2 − Sz1. (42)

For this we define matrix [R]:

[R] =
1
2

1 1 0 0
i −i 0 0
0 0 −2 2

 . (43)

Then one goes into the basis ScX , ScY , where the mean
spin direction is along OZ, by using the [Rr] matrix:

[Rr] =
(

cos θ cosϕ cos θ sinϕ − sin θ
− sinϕ cosϕ 0

)
(44)

with angles θ et ϕ given by equation (39)
The atomic correlation matrix

[
G⊥c (0)

]
in basis

ScX , ScY writes:[
G⊥c (0)

]
= [Rr] [R] [Gc(0)] [R]hc [Rr]

T
. (45)

The variances in the XY -plane are then

∆ScX =
[
G⊥c (0)

]
1,1
, ∆ScY =

[
G⊥c (0)

]
2,2
,

∆ScXY =
[
G⊥c (0)

]
1,2
. (46)

The minimal variance ∆Sc min corresponds to angle α0

given by equation (41).
The correlation matrix [G(0)] also allows us to com-

pute the variances of the spins S1 and S2 associated with
the coherences between levels 0–1 and 0–2. Spin S1 in-
volves operators P1, P

†
1 , et Sz1. Using the order defined in

equation (31) again we see that the concerned variances
are given by the restriction of matrix [G(0)] corresponding
to ranks 5, 6 and 11. In the same way, for spin S2, the vari-
ances are given by a restriction of [G(0)] corresponding to
ranks 7, 8 and 12. Reference frame changes similar to the
one described above allows one to determine the minimal
variances for these two spins.

In the case where levels 1 and 2 are Zeeman sublevels
of an atomic state a, the spin squeezing can be detected
by analyzing the polarization changes of a probe beam
connecting state a to another state b different from level a.
The optimal squeezing direction can be found by adjusting
the polarization and propagation direction of the probe
beam.

3.2 Coherent input field: self-spin squeezing

Let us first consider the case of a coherent input field
for a two-level system. We have explored various sets of
parameters. Spin squeezing has been found when the non-
linearity of the atomic ensemble is high, which also corre-
sponds to conditions where the output field is squeezed.

Table 1. Minimal spin variances for a two-level system as a
function of cooperativity C (the other parameters are adjusted
for optimal noise reduction).

C 10 100 1 000 10 000

δ 0.8 4 15 42

Ic 0.9 2.6 8.9 23

∆Smin 0.8 0.61 0.56 0.54

Table 2. Three-level system: minimal spin variances Sc et S1

for δ1 = 18, βp0 = 3.24 and C = 1 000 for a coherent input
probe.

βs0 0 0.1 0.2 0.22 0.25 0.3

δ2 −0.5 −0.5 −0.5 −0.5 −0.5

δc2 −1 −1 −1 −1 0

∆S1 min 0.574 0.583 0.633 0.649 0.678 0.731

∆Sc min 1 0.926 0.848 0.847 0.854 0.89

Values for a few physical parameters are given in Table 1.
Let us emphazise that the parameters chosen in Table 1
correspond to feasible experiments. For example in the ex-
periments described in [7,9] using cesium atoms cooled in
a magneto-optical trap, the dipole linewidth γ/2π is equal
to 2.6 MHz, and the optical cavity is such that κ = 2γ, the
value of the incident field is then about 10 µW, and the
cooperativity can reach 120. The value of the cooperativ-
ity could be increased using new trapping configurations
to 1 000 and more [27].

It can be seen that spin squeezing increases with the
cooperativity parameter and that squeezing values as high
as 46% can be obtained. Let us mention that, for each
value of the cooperativity C, the values of the intracav-
ity laser intensity Ic = β2

0 , of the atomic detuning δ and
of the cavity detuning δc have been optimized to obtain
maximum squeezing. This squeezing is self-spin squeezing
in as much it is due to the nonlinear action of the atomic
ensemble on the light fluctuations inside the cavity, which
yields squeezing in the collective atomic spin.

In the case of a three level system interacting with two
coherent fields, we have concentrated on the configuration
in which one field, the pump field, (interacting with tran-
sition 0–1) is a saturating one while the other one, the
probe field, is far from saturation. Then, our calculations
show that, for a given atomic number, ∆Sc min is smallest
for parameters associated with transition 0–1 (atomic and
cavity detunings, pump field intensity) close to the ones
that minimize the noise on spin S1 in the absence of the
probe field. These parameters are given in Table 1.

We give the values of the variances of spins Sc and S1

in Table 2 for a cooperativity C = 1 000. As far as the pa-
rameters associated with transition 0→ 2 are concerned,
the values of the scaled detunings δ2 et δc2 minimizing
∆Sc min depend very little on the probe amplitude βs0.

When βs0 = 0, ∆S1 min takes the values ∆Smin given
in Table 1. In the absence of the probe field, ∆Sc min is 1,
which means that spin Sc is in a coherent state when the
probe is the vacuum field. When βs0 is increased, ∆Sc min
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becomes smaller than 1 and the fluctuations of spin Sc

are squeezed. At the same time, ∆S1 min increases: the
squeezing of S1 is degraded by the presence of the probe
field. For higher values of the probe field intensity, the
operating point for the pump field should be re-optimized
in order to minimize ∆Sc min.

3.3 Squeezed input field: squeezing transfer

For the two level system, we have examined the case in
which the input light is a broadband squeezed vacuum. We
have investigated the optimum conditions for this squeez-
ing to be transferred to the atoms. The best conditions
in this case correspond to strong coupling of the atomic
ensemble with the cavity and to a very weak intracav-
ity resonant field [28]. In contrast to the previous case,
the atomic ensemble behaves like a linear system. We first
study the case of exact resonance between the atoms and
the cavity, which is the most favorable one for squeez-
ing transfer. The amount of squeezing transferred to the
atoms is always less than the one of the incoming light,
because of the coupling of the atoms with the vacuum.
The higher the squeezing of the incoming field, the bet-
ter the spin squeezing. However, it should be noted that
our model relying on linearization of the field at very low
field intensities is not valid for high values of the squeez-
ing (which would imply non negligible photon numbers).
For a given value of the field squeezing, the amount of spin
squeezing increases with the cooperativity C, and tends to
a limit. This limit depends on the value of the ratio γ/κ,
and the maximum efficiency of the squeezing transfer is
equal to κ/(γ + κ). This shows that the coupling of the
atoms with the surrounding vacuum field limits the degree
of achievable squeezing in the collective spin.

When the incoming field is not exactly resonant with
both the atoms and the cavity, the situation is quite differ-
ent. For large squeezing of the incoming light, excess noise
is obtained for the atomic spin. The excess noise goes to
infinity for perfect squeezing of the incoming light. This
comes from the fact that non resonant atoms cause a ro-
tation of the noise ellipse. As a result, the squeezed and
anti-squeezed components are mixed inside the cavity, and
induce excess noise on the spin.

We now turn to the three-level system and we con-
sider the case in which the pump field is in a coherent
state, while the probe field is a squeezed vacuum field.
When the pump intensity is far from saturation that is
the scaled pump amplitude βp0 smaller than 1, our model
shows that the spin Sc associated with the 1–2 coherence
is squeezed as is S2 the spin associated with the 0–2 op-
tical dipole interacting with the squeezed field. Moreover,
∆Sc min takes the same values as ∆S2 min. We have seen
above that the variance ∆S2 min is minimal when the op-
timal squeezing transfer condition δ2 = δc2 = 0 is fulfilled.
The variance ∆Sc min is minimal in the same conditions.
The choice of the pump detuning parameters δ1 et δc1 in
non critical in this case (βp0 � 1).

In Table 3, we have again used parameters that corre-
spond to feasible experiments γ = 2.6 MHz, κ = 5.2 MHz,

Table 3. Three-level system: minimal variances for the three
spins Sc, S1 et S2 for a squeezed vacuum probe with all detun-
ings equal to zero, C = 1 000 et γ/κ = 0.5.

βp0 0 0.1 0.3 0.5 0.7

∆S1 min 1 0.99 0.91 0.83 0.77

∆S2 min 0.34 0.34 0.35 0.38 0.4

∆Sc min 0.34 0.41 0.5 0.6

C = 1 000, δ1 = δc1 = δ2 = δc2 = 0. The probe field is
assumed to be almost perfectly squeezed. When βp0 = 0
the limit value γ/(γ+κ) = 1/3 is found again for ∆S2 min,
but ∆Sc min is not defined since there is no population in
levels 1 and 2. When the pump amplitude βp0 assumes
a small non zero value, ∆Sc min et ∆S2 min are equal and
equal to the optimal 1/3 value. When the pump is in-
creased further, the noise reduction on Sc and S2 is de-
graded by the high pump field. ∆S1 min can then become
squeezed by a self-squeezing effect.

4 Conclusion

Using a full quantum model for ensembles of two- and
three-level atoms in a cavity, we have derived the atomic
spin fluctuation spectra and variances and we have shown
rigorously the occurrence of spin squeezing in such sys-
tems. These results are likely to be generalized to atoms
interacting with two fields in a Raman (Λ) type configu-
ration.

Spin squeezing may occur in two different cases. In
the first one, the non-linearity of the atomic ensemble is
exploited to squeeze the intracavity field, which in turn
imprints squeezing on the atomic ensemble, yielding self-
spin squeezing. In the second one, the atomic ensemble
has a linear behavior. It cannot create squeezing in the
intracavity field. However, if one of the incoming fields is
squeezed, the atom-field coupling in the cavity yields spin
squeezing.

Appendix

We give here the expression of the diffusion matrix appear-
ing in equation (15) for the two-level system. The matrix
elements of the higher 2× 2 quadrant of [D] are the cor-
relation functions of a broadband squeezed field, equal to
the one of the single mode squeezed field defined in equa-
tions (16, 17)

〈δAin(t)δAin†(t)〉 = cosh2(r)δ(t − t′), (47)

〈δAin(t)δAin(t)〉 = (1/2) sinh(r)eiθδ(t− t′), (48)

〈δAin†(t)δAin†(t)〉 = (1/2) sinh(r)e−iθδ(t− t′), (49)

〈δAin†(t)δAin(t)〉 = sinh2(r)δ(t − t′). (50)

The matrix elements of the lower 3 × 3 quadrant of [D]
are the correlation functions of the atomic noise operators
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appearing in equations (9, 10). They were evaluated with
the Einstein generalized relations [22]. The only non zero
ones are given below:

〈FP (t)FP †(t
′)〉 = 2γNδ(t− t′), (51)

〈FP (t)FSz (t′)〉 = 2γp0δ(t− t′), (52)

〈FSz (t)FP †(t
′)〉 = 2γp∗0δ(t− t′), (53)

〈FSz (t)FSz (t′))〉 = 2γ(N/2 + sz0)δ(t− t′). (54)

The other elements of [D] are equal to zero since there is
no correlations between atomic and fields fluctuations at
the same time. So we get:

[D] =
(2κ/τ )ch2(r) (κ/τ )sh(2r) eiθ 0 0 0

(κ/τ )sh(2r) e−iθ (2κ/τ )sh2(r) 0 0 0
0 0 2γN 0 2γp0

0 0 0 0 0
0 0 2γp0c 0 2γ(N/2 + sz0)

.
As far as the three level system is concerned the diffusion
matrix for the fields is

[Dch] = 2κ/τ


1 0 0 0
0 0 0 0
0 0 ch2r sh(2r)/2eiθ

0 0 sh(2r)/2e−iθ sh2r

 .

(55)

Since there are no correlations between incoming fields
and atoms at the same time, [D] can be written as:

[D] =
(

[Dch] 0
0 [Dat]

)
(56)

where [Dat] is computed as previously from the general-
ized Einstein equations.
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